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HkleftGammanleftprightrightExamples of Arithmetic Groups kleftbeginmatrixn2endmatrixrightk
SLnRSp2nR

R i numberring 0

Principal congruence subgroups

TnleftprightsubsetSLnZTnleftprightkerleftSLnRrightarrowSLnFpright
R Euclidean pinR prime

TnleftprightSLnR s Tnleftprightkey leftSLnRrightarrowSLnleftRprightright

Gamma2nspleftprightSp2nR Gamma2nspleftprightKer Sp2nRrightarrowSp inleftRleftprightright

HleftGammanleftprightright via symmethcdotcspaces

TnleftprightsubsetSLnmathbbZ

TnleftprightMSLnmathbbRSOleftnrightX
HleftTnleftPrightmathbbQrightcongHleftXTnmathbbQright

kn2
hom
stabilityequiv
n

Thm Borel serve

R number ring TfcdoticdotSLnR
HnuileftGammamathbbQrightcongHileftGammaDright

dualizingmodule

nunuleftRright quadratic in n

Goal Compute HopleftTrightHnuleftTright

congH0leftTDrightcongleftDrightT




















































































Computations

sp2nleftRrightSLnleftmathbbRright

MillerPatat Putman
rk H101leftGammanleft3rightright3leftbeginmatrixn2endmatrixrightgamma k HtoleftGammanleft5rightright2n15leftbeginmatrixn2endmatrixright

recursive in n

Lee Szizarba h m leftPcdotrightRmathbbZ

RmathbbZ gammaki HHleftGammanspleft3rightright3n2

RmathbbZleftiright rk Hleft0rightleftGammansuparrowleft2i1rightright5n2

RmathbbZleftomegaright rk HtopleftGammanspleft3w1rightright7n2

R1mathbbZleftsqrt2rightgammakHleft0rightleftGammanspleft3sqrt2rightright7n2

mathbbR1mathbbZleftxi5right r kHnablaleftGammansFleft2xiSxiS2rightright

Thm leftpcdotright

RmathbbZleftiright rk Hleft0rightleftGammanleft2i1rightright5leftbeginmatrixn2endmatrixright rk HtopleftGammanleft3rightright2n1qleftbeginmatrixn2endmatrixright
recursive in n

RmathbbZleftomegaright rk HtopleftGammanleft3w1rightright7leftbeginmatrixn2endmatrixright rk HlopleftTnleft4w1rightright2n113leftbeginmatrixn2endmatrixright
recursive in n

RmathbbZleftsqrt2rightvkHtOleftGammanleft3sqrt2rightright7leftbeginmatrixn2endmatrixrightvkHtopleftGammanleft5rightright2n125leftbeginmatrixn2endmatrixright
recursive in n

RmathbbZleftzeta5right rk Hleft0rightleftGammanleft2xiSxiS2rightrightleftbeginmatrixn2endmatrixright rk Hleft0rightleftGammanleft3rightright2n181leftbeginmatrixn2endmatrixright
recursive in n 11n2




















































































The General Pattern

IFRleftprightleftFrightp RtimesR

nuKHtop3leftbeginmatrixn2endmatrixright5leftbeginmatrixn2endmatrixright7leftbeginmatrixn2endmatrixright7leftbeginmatrixn2endmatrixright11leftbeginmatrixn2endmatrixright

leftmathbbRxUrightUimmathbbRxrightarrowmathbbRx
33 leftpm1right 1mathbbZ

5 12i1 leftpm1pmiright

mathbbZleftirightmathbbZleftwright3w1mathbbZleftsqrt2right3sqrt2mathbbZleftxi5right2xi5xi52

leftpm1pmomegapmomega2right 17

leftpm1righttimesleftleft1sqrt2rightkright 17

leftpmright5ltimesleftleftfrac1sqrt52rightkright l11




















































































The General Pattern

IFRleftprightleftFrightpR

nuKHtop2n15leftbeginmatrixn2endmatrixright2n1qleftbeginmatrixn2endmatrixrightmathbbZleftwright4w12n113leftbeginmatrixn2endmatrixright2n125leftbeginmatrixn2endmatrixright

Rtimes leftmathbbRxUrightUimmathbbRxrightarrowmathbbRx
5 leftpm1right5 2mathbbZ

leftpm1pmiright 2mathbbZleftiright3 9

leftpm1pmomegapmomega2rightleftpm1righttimesleftleft1sqrt2rightkrightleftpmright5ltimesleftleftfrac1sqrt52rightkright
213

25 2mathbbZleftsqrt2right5

81 22n181leftbeginmatrixn2endmatrixrightmathbbZleftxi5right3




















































































Span RSLnleftmathbbRright

Thm P R Euclidean number ring
pinR prime FRleftpright

UimleftmathbbRtimesrightarrowmathbbRright

leftFtimesUright1combinatorialThm
P R Euclidean number ring

pinR prime FRleftpright
UimleftmathbbRtimesrightarrowFright

leftFtimesUright1 or 2

combinatorial
description ofdescription of

HlopleftGamma2nspleftPrightrightHlopleftTnleftPrightright

Next What is this combinatorial description

Flavour of proof




















































































Verticesof TnR0 W mathbbRn summands

k simplices 0 Wo I WiasubsetmathbbRn
n3 subplex of l3R

leftlangleelrightrangle

Thm Borel serve

R number ring TfcdoticdotSLnR
HnuileftGammamathbbQrightcongHileftGammaDright

dualizingmodule

nunuleftRright quadratic in n

T3R built by
gluingsuchspheres

together
leftlanglee1e3rightrangleleftlanglee1e2rightrangle

leftlanglee3rightrangleleftlanglee2e3rightrangleleftlanglee2rightrangle

HopleftTrightH2leftTrightcongH0leftTDright

congleftDrightGammacongDleftlangledgammadgammainGammarightrangle
D Steinberg Module

StnRwidetildeHn2leftTnRright

TnleftRrightsimeqVSn2
stnleftRrightwidetildeHn2leftTnleftRrightright

Note SLnRwedgeTnR
SLnRnstnR

Tits
buildingGoal compute leftstnRrightTnleftpright




















































































Lee Szczerba For Gammanleft3rightSLnmathbbZ

leftStnmathbbZrightTnleft3rightcongStnF3
Miller PatztPutman For Gammanleft5rightsubsetSLnmathbbZ

leftStnmathbbZrightTnleft5rightcongSEnF5

Verticesof TnR0 W mathbbRn summands

k simplices 0EW WksubsetTRn
n3 subplexof l3R

leftlangleelrightrangle
T3R built by
gluingsuchspheres

together
leftlanglee1e3rightrangleleftlanglee1e2rightrangle

Big Idea construct presentations
for StnF3 SFhF5
Compare with leftstnmathbbZrightTnleftpright

leftlanglee3rightrangleleftlanglee2e3rightrangleleftlanglee2rightrangle

TnleftRrightsimeqVSn2
stnleftRrightwidetildeHn2leftTnleftRrightright

Note SLnRwedgeTnR
SLnRnstnR

Construct Presentations using high
connectivity of certain simplicialcomplex

The restrictions of leftFxUright1 or 2

allow for high connectivityresultsGoalcompute leftstnRrightTnleftpright



Consequences of 1IFX leftUright2

1F is additivelyconnected byU IF U is additivelyconnected byU

R2p5R2p5
11 Uleftpm1rightUleftpm1right 5

RmathbbZleftiright 9 p3
3i on oo 33i

ooo one

ooo ooo

050

RmathbbZleftirightp3
3i

uparrowi
33i

Uleftpm1irightUleftpm1pmiright1

i
33 0

RmathbbZleftomegarightp4omega1
4w1

mdlgwhtsquare

RmathbbZleftomegarightp4omega14omega1

Uleftpm1pmomegapmomega2rightt Uleftpm1pmomegapmomega2rightw

w
1



The restrictions of leftFxUright1 or 2

allow for high connectivity results
FtimesV is additivelyconnected byU

R2p5
Uleftpm1right

0
0 Thm P R Euclidean number ring

pinR prime mathbbRRleftpright
5

RmathbbZleftiright 9 p3
3i on oo 33i

ooo one

ooo ooo

a
3

UimleftmathbbRtimesrightarrowFright

leftFtimesVright1RightarrowH0pleftFnleftprightrightcongstnmathbbR

leftFtimesUright2RightarrowH0pleftFnleftprightrightcongstnU

Uleftpm1pmiright

RmathbbZleftomegarightp4omega14w1
Uleftpm1pmomegapmomega2right



SPanR
The restrictions of leftFxUright1 or 2

allow for high connectivity results Similarduality story with

symplectic Tits building TwspR
symplectic steinberg module StLnspRhm P R Euclidean number ring

pinR prime FRleftpright
UimleftmathbbRtimesrightarrowFright

Thm P Have an exact sequence
of sympl non sympl

Steinberg modulesleftFtimesVright1RightarrowHopleftFnleftprightrightcongstnF
0rightarrowSt2nFrightarrowStleftWbotrightotimesStsuparrowleftWrightrightarrowldotsrightarrowSt1nsuparrowFrightarrowWCII2n

Wsympl
dim 2leftFtimesUright2RightarrowH0pleftFnleftprightrightcongstnU

Thm P R Euclidean number ring
pinR prime FRleftpright

UimleftmathbbRtimesrightarrowmathbbRright
Then leftleftFtimesUright1RightarrowHleft0rightleftGamma2nspleftprightrightcongst2nspFright



SpankQuestions
What about the IFYU 2

case for Spank

What happens when IFYU
is bigger

What about Chevalley

groups of other types
Eg sonnsonn1

Similarduality story with

symplectic Tits building TwspR
symplectic steinberg module StLnspR

Thm P Have an exact sequence
of sympl non sympl

Steinberg

modulesWCI
t2n

StleftWbotrightotimesStsuparrowleftWrightrightarrowldotsrightarrowStinsuparrowFrightarrow00St2nF
Wsympl
dim 2

Thm P R Euclidean number ring
pinR prime FRleftpright

UimleftmathbbRtimesrightarrowmathbbRright THANK YOU
Then leftleftFtimesUright1RightarrowHleft0rightleftGamma2nspleftprightrightcongst2nspmathbbRright


